ON THE GENERALIZATION SOME INTGERAL INEQUALITIES 
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^~^' Abstract. In this paper, a general integral identity for convex functions is 

C^ ' derived. Then, we establish new some inequalities of the Simpson and the 

Hermite-Hadamard's type for functions whose absolute values of derivatives 
are convex. Some applications for special means of real numbers are also 
^~». ' provided. 



^ . 1. Introduction 

rS^ • Let /:/CR^-Mbea convex mapping defined on the interval / of real numbers 

j^ I and a,b (z I with a < b. The following double inequality: 

> 

Q^ ' is known in the literature as Hadamard inequality for convex mapping. Note that 

f"^ . some of the classical inequalities for means can be derived from (1.1) for appropri- 

0^ ' ate particular selections of the mapping /. Both inequalities hold in the reversed 

^ ; , direction if / is concave. 

'^ ' It is well known that the Hermite-Hadamard's inequality plays an important 



o 
o 



c^ 



role in nonlinear analysis. Over the last decade, this classical inequality has been 
improved and generalized in a number of ways; there have been a large number of 
research papers written on this subject, (see, [2]-[5],[7]-[10], [12]-[14], [17] ) and the 
references therein. 

^ , In [14], Sarikaya et. al. established inequalities for twice differentiable con- 

^ ' vex mappings which are connected with Hadamard's inequality, and they used the 

following lemma to prove their results: 

Lemma 1. Let / : /° C M — > K be twice differentiable function on 1° , a,b E 1° (1° 
is the interior of I) with a <b. If f" G Li[a,b], then 

1 /■''„,>. .,a + b^ 



f{x)dx-f{ 
{b~af "1 



TO (i) [f"{ta + (1 - t)b) + f"{tb + (1 - t)a)] dt, 
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whe 



m{t) := 



e ,te[0,i) 

{1-tf ,te[il]. 



Also, the main inequalities in [14], pointed out as follows: 

Theorem 1. Let f : I d W ^ IS. be twice differentiable function on 1° with 
/" e Li[a,b]. If |/"| is a convex on [a,b], then 



(1.2) 



1 



b — a 



' f{x)dx-f{'^) 



< 



24 



\f"{a)\ + \f"{b)\ 



Theorem 2. Let f : I d R ^^ W be twice differentiable function on 1° such that 
f" G Li[a, b] where a,b C^ I, a < b. If If'l'' is a convex on [a, &], q > I, then 

\f"ia)\' + \f"{b)\' ' 



(1.3) 


1 


f f{x)dx- 


-/(^) 


^{b-af 


b- a J 


- 24 


where - + 


i-1. 
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In [15], Sarikaya et. al. prove some inequalities related to Simpson's inequal- 
ity for functions whose derivatives in absolute value at certain powers are convex 
functions: 

Theorem 3. Let f : I d K ^>- W be twice differentiable mapping on 1° such that 
f" G L\ [a, 6] , where a,b (^ I with a < b. If \f"\'' is a convex on [a,b] and q > 1, 
then the following inequality holds: 



/(«)+4/ 



a + b 



fib) 



1 



b — a 



f{x)dx 



<(b-af { — 
-^ -^ M62 



where — h - = 1. 
p q 



59|r(a)|^ + 133|r(&)|^ 
3^.27 



133|r(a)|^ + 59|r(b) |^V 
35.27 



In recent years many authors have studied error estimations for Simpson's in- 
equality; for refinements, counterparts, generaliations and new Simpson's type in- 
equalities, see [1], [6] [15] and [16]. 

In this paper, in order to provide a unified approach to establish midpoint in- 
equality, trapezoid inequality and Simpson's inequality for functions whose absolute 
values of derivatives are convex, we will derive a general integral identity for con- 
vex functions. Finally, some applications for special means of real numbers are 
provided. 



2. Main Results 
In order to prove our main theorems, we need the following Lemma: 
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Lemma 2. Let I d W be an open interval, a, 6 G / with a < 6. ///:/—> K is 
a twice differentiable mapping such that f" is integrable and < -^ < 1- Then the 
following identity holds: 
(2.1) 

b 1 

(A-l)/(^)-A '^^°^ + -^^^^ +^ j f{x)dx = {h-af f k{t)f"{ta+a-t)b)dt 



where 

( ^t{t-X), 0<i< i 

kit) = { 

[ i(l-t)(l-A-f), i<f<l. 

Proof. It suffices to note that 

1 
/ = I k{t)f"{ta + {l-t)b)dt 



k 1 

= - I t{t-\)f"{ta+{l-t)b)dt+- f{l-t){l-X-t)f'{ta+{l-t)b)dt 

1 



(2.2)= h+h. 

Integrating by parts twice, we can state: 



h = ]- \ t{t-X)f"{ta+{l-t)b)dt 



(2.3) 



kt - X)l^^^^^±S^ ] -^_ / i2t - A) nta + (1 - t)5)d. 
2 a — o2(a — o)7 





' :(A-k/'(^) + 4^^/(^) 



4(6 -a)' 2''' ' 2 ' 2{b-aY-'^ 2 



^ /(^) + ^ .2 / /(^« + (1 - 0^)'^^' 



2(6- a)2''^^ (6_a) 
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and similarly, we get 



- lil-t){l-X^t)f"{ta+{l-t)b)dt 



(2.4) 



i^'^4)/'<^)-|^/<^) 



2(6- a)2^^ ' {p_af 



,f{a) + 2 / f{ta + (1 - t)6)di. 



Using (2.3) and (2.4) in (2.2), it follows that 



{b-aY 



(A - l),/(^) - aM±M + _1_ / ;(,« + (1 _ ,)5),t 



Thus, using the change of the variable x — ta + [1 — t)b for t G [0, 1] and by 
multiplying the both sides by (6 — a) , we have the conclusion (2.1). D 



Using this Lemma we can obtain the following general integral inequalities: 



Theorem 4. Let I d R be an open interval, a, 6 G / with a < b and / : / — > M &e 
twice differentiate mapping such that f"is integrable and < X < 1. If \f"\ is a 
convex on [a, b] , then the following inequalities hold: 
(2.5) 

(A - l)/(^:^) - A + 7 / f{x)dx 



b- 



12 



(^A^ + (1 + A) (1 - A)-^ + ^^^ I/" {a)\ /or < A < i 



< i 



+ (A^ + (2-A)A-V^)|,r(6)| 



(6-a)^(3A-l) 
48 



l.r(«)l + l./"(fc)|] 



/or i < A < 1. 
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Proof. From Lemma 2 and by definition of k{t), we get 



(A - l)/(^) - A ^ + ^3^ / /(x)dx 



< 



i 

(5-af(y^#(i)ll/"(to + (l-t)6)| 



dt 



{b-aY 



\t{t - A)| |/"(to + (1 - t)b)\dt + / 1(1 - f)(l -\-t)\ I/" (to + (1 - f)6)| dt 



{b-ay 



{Ji + J2}. 



We assume that < A < ^ tfien using tfie convexity of |/"| , we get 



,h < j\tit-\)\[t\ria)\ + {i-t)\r{b)\]dt 

A i 

=(2.^ t(A - t) [t I/" (a)| + (1 - f) |/"(fe)|] dt + J t{t A) [i |/"(a)| + (1 - t) |/"(6)|] dt 

A 



A"* 3-8A 



6 3.26 



l/"(«)l 



(2 - A) A-'' 5 - 16A 



3.26 



l,/"(6)l 



and similarly, we have 



l-A 



J2 < {l-t){l-\-t)[t \f"{a)\ + (1 - t) |/"(6)|] dt 



(2.8) 



+ j {l-t){t + \-l)[t |/"(a)| + (1 - i) |/"(6)|] dt 

l-A 



i±^(l-A)3+48A-27 



3.26 



i.r(a)i 



A^ 3-8A 



6 3.26 



\nb)\. 



Using (2.7) and (2.8) in (2.6), we see that the first inequality of (2.5) holds. 
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On the other hand, let ^ < A < 1, then, using the convexity of |/"| and by 
simple computation we have 



Ji < J \t{t-\)\[t\f"ia)\ + {l-t)\f"mdt 



2 

(2.9) = JtiX-t)[t\na)\ + il~t)\f"{b)\]dt 





3.26 !•' V ;i 3_26 



and similarly, 



1 

J2 < J\ii-t){i-x-t)\[t\r{a)\ + {i-t)\rmdt 

1 

2 
1 

(2.10) = /(l-t)(t + A-l)[t|/"(a)| + (l-f)|/"(6)|]di 



^^l/»l + ^l/"WI 



Thus, if we use the (2.9) and (2.10) in (2.6), we obtain the second inequality of 
(2.5). This completes the proof. D 



Another similar result may be extended in the following theorem: 



Theorem 5. Let I (Z R be an open interval, a, 6 G / with a < b and / : / — > M 6e 
twice differentiable mapping such that f'is integrable and < X < 1. If \f"\'' is a 
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convex on [a,b] , q > 1, then the following inequalities hold: 
(2.11) 

(A - l)/(^-) - A ^ +b—al ^(^^'^^ 



{b-af (}?_ l-'j y ^' 

y^ 24 



'"A'* 3-8A 



6 3.26 



"('^M« 



i.r(«)i 



(2 - A) A^ 5 - 16A 



< I 



l + A^^_^^3^48A-27 



3.26 



6 



l/"(a)|^ 



3.26 



'ilhWl 



\f"{b)\ 



r 3-8A 



6 3.26 



\i"m 



^'-"^'^''-'^"'^^''-'i/»r + ^¥^i/'W 



2 V 24 



3.26 



3.26 



8A-3 



/"(«)!' + ^;^l/"(6)r 



/or < A < i 



/or i < A < 1, 



/ 16A-5 
"^^ 3.26 

where - + - = 1. 
p q 

Proof. Suppose that q> 1. From Lemma 2 and using the well known power mean 
inequality, we have 

.« + &, J{a) + f{b) , 1 



(A-l)/(^— )-A. , 

2 2 — a 



f{x)dx 



< {b-aY / |fc(i)||/"(i6+(l-i)a)|dt 





< 



{b-af 



\t{t - A)| |/"(to + (1 - t)6)| dt + / 1(1 - f)(l - A - t)| I/" (to + (1 - i)6)| dt 





(2.12) 



{b-af 



\t{t-\)\dt\ \t{t - X)\\f" {ta + {1 - t)b)\'' dt 



i-i 



+ \{l-t){l-\-t)\dt\ \{l-t){l-X-t)\\f"{ta + {l-t)b)\Ut 
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Let < A < ^. Then, since \f'\'^ is convex on [a, h] , we know that for t E [0, 1] 

i/'(ta+(i-t)6)r<i|/'(a)r+(i-t)i/'(6)r, 

hence, by simple computation 



< 



\t{t-X)\\f"ita+{l-t)b)\Ut 



tiX t) [t |/"(a)r + (1 - t) |/"(5)r] dt + t{t- A) [t |/"(a)r + (1 - t) |/"(6)r] dt 



(2.13) 
A^ 3 - 8A 



6 3.26 



i/"(«)r 



(2-A)A^ 5-16A 



6 



3.26 



\nh)\\ 



\{l-t){l-\-t)\\f"{ta+{l-t)b)\Ut 



l-A 



< 



(i-t)(i-A-t)[ii/"(a)r+(i-t)ir(6)r]di 



(2.14) 



+ y (1 - f)(i + A - 1) [i |/"(a)r + {l-t) |/"(6)r] rfi 

l-A 



1 + A^_, ^^3 48A-27 



i/"(«)r 



A* 3-8A 



6 3.26 



\nb)\\ 



(2.15) 



A 1 — 3A 

|t(t - A)| dt ^ / t(A - f)(it + / t(t - A)(it = — H , 



and 
(2.16) 



l-A 



\{l-t){l-\-t)\dt= / {l-t){l-\-t)dt+ / (l-f)(f+A-l)dt=- + - 2^ 



A-' 1 - 3A 



l-A 



Thus, using (2.13)-(2.16) in (2.12), we obtain the first inequality of (2.11) 
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Now, let 5 < A < 1, then, using the convexity of \f"\'^^ we have 



Ji < \t{t-\)\[t\f"{a)\'' + {l-t)\f\b)\'']dt 



(2.17) 



similarly. 



i(A-i)[i|/"(a)r + (l-i)|/"(6)lV* 





3.26 



3.26 



J2 < \{l-t){l-\-t)\\t\,f"{ar + {l-t)\f"{h)ndt 



(2.18) 



(1 - t){t + A - 1) i |/"(a)r + {l-t) |/"(6)r dt 



'^^ ^/"(«)r + ^i,r(&)r, 



3.26 



3.26 



and so, 



(2.19) / 1(1 - i)(l -\-t)\dt^ / |t(t - A)| dt == / t(A - t)dt 



3A- 1 

24 



Thus, if we use the (2.17), (2.18) and (2.19) in (2.12), we obtain the second inequal- 
ity of (2.11). This completes the proof. D 

3. Applications to Quadrature Formulas 

In this section we point out some particular inequalities which generalize some 
classical results such as : trapezoid inequality, Simpson's inequality, midpoint in- 
equality and others. 

Proposition 1 (Midpoint inequality). Under the assumptions Theorem 4 with 
X = in Theorem 4 , then we get the following inequality, 



_!_/;,.),. _„^, 



< 



24 



\f"{a)\ + \f"{h)\ 



Proposition 2 (Trapezoid inequality). Under the assumptions Theorem 4 with 
\ = 1 in Theorem 4, then we have 
b 



1 
b — a 



f{x)dx ■ 



/(«)+/(&) 



< 



12 



\f"{a)\ + \f"ib)\ 



10 
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Proposition 3 (Simpson inequality). Under the assumptions Theorem, 4 with A 
i in Theorem 4, then we get 



/(a)+4/(^) + /(6) 



b-, 



f{x)dx 



< 



(b-a) uH, 



168 



[|/"(a)| + |/"(6)|]. 



Proposition 4. Under the assumptions Theorem 4 with \ = ^ in Theorem 4 , 
then we get 

b 



6^/^^")'^"-^ 



/( 



a + b. /(a) + /(6) 



< 



(b-aY 



l/"(«)l + l/"(&)l 



Proposition 5. Under assumptations Theorem 5 with X — in Theorem 5 , then 
we get the following "midpoint inequality" , 



^//(.K.-/(^) 



< 



{b-af 



3|/"(«)|'' + 5|/"(6)r\^ , /5|.r(a)r + 3|/"(6)|''V 



Proposition 6. Under assumptations Theorem 5 with X — 1 in Theorem 5 , then 
we get" trapezoid inequality" 



' ^ /(.).. -M±M 



b — a 



< 



24 



16 



5|r(a)r + ll|/"(b)|''V , /111/" (a)!" + 5 I/" (6)1 



16 



Proposition 7. Under assumptations Theorem 5 with X ~ ^ in Theorem 5 , then 
we get" Simpson inequality" 



f{a) + Af(^) + f{b) 



b-, 



f{x)dx 



< 



162 



59|.r(a)r + 133|/"(5)|«V , /133 |/" (a)|« + 59 |/" (6)1^ ^ 



3.26 



3.26 



4. Applications to Special Means 
We shall consider the following speeial means: 
(a) The arithmetic mean: A ~ A(a, b) := , a, 6 > 0, 



(b) The geometric mean: G ~ G{a, b) := \/ab, a,b> 0, 
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(c) The harmonic mean: 

H = H(a,b) := ^^, a,b>0, 

^ ' a + b 



(d) The logarithmic mean: 










r a 


if a — b 




L = L{a,b) := < 


1 

b-a 


if a^b 


a,b>0, 




\ ln&— Ina 




(e) The Identric mean: 








' 


a 


if a = b 




I = I{a,b) := < 


^i&)'-^ 


a a^b 


a,b>0, 


(f) The p— logarithmic mean 









(p+l)(6-a) 



ii a^b 



Lp ^ Lp{a,h) := { ^^^ " , p e K\{-1,0} ; a, 6 > 0. 

a ii a = b 

It is well known that Lp is monotonic nondecreasing over p e M with L_i := L 
and Lo := /. In particular, we have the following inequalities 

H<G<L<I<A. 

Now, using the results of Section 3, some new inequalities is derived for the above 
means. 

Proposition 8. Let a,b E R, < a < b and n E N, n > 2. Then, we have 



iA(a",6") + ^A"(a,6)-L;:(a,6) 



\2 



<n{n-l)^^j^[a--' + b-'] 



Proof. The assertion follows from Proposition 3 applied to convex mapping / (x) ~ 
x", xeR. D 

Proposition 9. Let a,b E R, < a < b. Then, for all q > 1 , we have 
\L-^ {a,b) - A-^ {a,b)\ 

Ab-af J'/ 3a<"-^)'? + 5&("-^)g y / 5a(»-2)q _^ 35(«-2)g \ ? | 

and 

\L-^ {a,b) - H-'^ {a,b)\ 

< n[n — Ij- 111 



24 I V 16 / V 16 

Proof. The assertion follows from Proposition 5 and Proposition 6 applied to the 
convex mapping / [x] = 1/x, x G [a, b] , respectively. D 



12 
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Proposition 10. Let a,b E R, Q < a < b. Then, for all q> 1, we have 



H-^ (a, b) + -A-^ (a, b) - L'^ (a, b) 



< 



162 




133 
3^ 



133 

3^ 



59 
3^ 



Proof. The assertion follows from Proposition 7 applied to the convex mapping 

f (x) = 1/x, X e[a,b]. D 
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